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*
I. PROGRESS OF WORK (March through June)

The manuscript "Preliminsry Report on Detection of Electrostatic Ion
Waves in the Magnetosphere' has been accepted for publication in the Journal
of Geophysical Research (to appear July 1, 1965) and the Research Note
"Direct Detection of Ambient Electron Plasma Oscillation Fields in the
Magnetosphere" will appear in J. Planetary and Space Science. The abstract
"Large Amplitude Electrostatic Waves above the Ionosphere and Effects on the
Plasma Sheath" will not be presented at the AFCRL Symposium (see Status Report
No. 7) because the main interest at the Symposium involves lower altitude

effects.

During this period Dr. Fredricks attended the Spring American Geophysical
Union meeting and delivered the two talks noted in Report No. 7. The manu-
scripts "Effects of Solar Wind Composition on the Threshold for Plasma
Instability in the Trensition Region" (Appendix A) end "Production of
Superthermsl Electrons by Electrostatic Plasma Oscillations" (Appendix B)
were completed; the first has been submitted to Journal of Geophysical Research,

and a revised version of the second will be submitted to Physics of Fluids.

On April 23, Dr. Scarf and Mr. Crook gave a presentation at NASA Head-

quarters on the proposal to detect plasme oscillations on OGO E, and work

* A new contract (NASw-1226) which will extend this work has recently been
negotiated and the final report for NASw-698 is also a progress report for
continmuing research in this area.
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has continued on P-11 data reduction. A comprehensive account of these

findings 1s being prepared.

II.

KEY PERSONNEL

During this period F. L. Scerf, R. W. Fredricks, S. Altshuler, and

A. Peskoff worked on this problem.

III.

NEW CONCEPTS
None
SUMMARY OF WORK, NAS w - 698.

Published Articles Genersted under NASw-698:

A Model for a Broad Disordered Transition between the Solar Wind and
the Magnetosphere, W. Bernstein, R. W. Fredricks and F. L.
Scarf, J.G.R. 69, 1201 (1964).

Electron Acceleration end Plasma Instabilities in the Transition
Region, F, L. Scarf, W. Bernstein and R. W. Fredricks,
J.G.R. 70, 9 (1965).

Numerical Estimates of Superthermal Electron Production by Ion Acoustic
Waves in the Transition Region, R. W. Fredricks, F. L. Scarf
and W. Bernstein, J.G.R. 70, 24 (1965).

Conductive Heating of the Solar Wind, II. The Inner Coronsa, F. L.
Scarf and L. Noble, Ap. J., May 15, 1965,

Preliminary Report on the Detection of Electrostatic Ion Waves in the
Magnetosphere, F. L. Scarf, G. M. Crook and R. W. Fredricks,
J.G.R. 70, July 1, 1965.

Direct Detection of Ambient Electron Plasma Oscillation Fields in the
Magnetosphere, F. L. Scarf and R. W. Fredricks, J. Plan. Sp. Sci.,
in press.
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On the Role of Ion Acoustic Waves in the Transition Region, F. L. Scarf,
in The Solar Wind, Ed. R. Mackin, Jr., Pergamon Press, in press.

Effects of Solar Wind Composition on the Threshold for Plasma Instability
in the Transition Region, R. W. Fredricks and F. L. Scarf, sub~-
mitted to J.G.R. (see Appendix A).

Production of Superthermal Electrons by Electrostatic Plasma Oscillations,

R. W. Fredricks, revised version to be submitted to Phys. Fluids
(see Appendix B).

Published Abstracts Generated under NASw-698:

Plasma Instebilities in the Magnetopause, F. L. Scarf, W. Bernstein and
R. W. Fredricks, Trans. A.G.U. ik, 880 (1963).

Transport Phenomena in the Solar Corona and Solar Wind, F. L. Scarf and
' L. Noble, Trens. A.G.U. 45, 78 (196k4).

A Posslble Interpretation of the P-11 VLF Measurements, F. L. Scarf and
R. W. Fredricks, Trams. A.G.U. 45, 598 (1964).

Superthermal Electron Production in the Transition Region, R. W. Fredricks,
F. L. Scarf and W. Bernstein, Trans. A.G.U. 45, 630 (1964).

Further Analysis of VLF Electric Field Measurements above the Ionosphere,
F. L. Scarf, G. M. Crook and R. W. Fredricks, Trans. A.G.U. L6,
114 (1965).

Conditions for Ion Wave Instabllity in the Transition Region using
Experimental Velocity Distribution Functions, R. W. Fredricks,
F. L. Scarf and W. Bernstein, Trans. A.G.U. 46, 114 (1965).

Publications Supported Partially by NASw-698:

Whistler Determination of Electron Energy and Density Distributions in
the Magnetosphere, H. B. Liemohn and F. L. Scarf, J.G.R. 69,
1201 (1964).

Dynamics of the Solar Wind, F. L. Scarf and L. Noble, ATAA Journal 2,
1158 (196}4).

The Solar Wind and Its Interaction with Magnetic Fields, F. L. Scarf in
Space Physics, Ed. D. LeGalley and A. Rosen, Wiley, 1964, p. 437.
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The Origin of the Solar Wind, F. L. Scarf in The Solar Wind, Ed. R. Mackin,
Jr., Pergamon Press, in press.

Miscellaneous

Theoretical Interpretation of Bow Shock Measurements, F. L. Scarf,
invited talk at NASA/Ames - Stanford University , Conference on the
Collisionless Shock, March 1-3, 1965 -- no published abstract.

Seminar talks at USC, Cal. Tech., JPL, Los Alamos, Stanford University,
Aerospace Corp., NASA/Ames.
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EFFECTS OF SOLAR WIND COMPOSITICN ON THE THRESHOLD
FOR PLASMA INSTABILITY IN THE TRANSITION REGION

by

R. W. Fredricks and F. L. Scarf ;
TRW Space Technology laboratories, Redondo Beach, California

2777 ¢

The effect of a small concentration of solar wind alpha
particies on the conditions for drift instability in the
transitihn region is investigated. It is shown that for
alpha‘farticle concehtrations less than about 20 percent,
the proton-electron threshold curve is sufficiently accurate,
for the range of relative electron-proton-alpha particle drift \
speeds of interest. Recent transition region plasma measure-

ments are interpreted in terms of the conditions for marginal

stabllity with respect to electrostatic plasma oscillations.

feAA
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I. INTRODUCTION

In a recent series of papers (Bernstein, et.al., 1964; Scarf, et.al.,
1965; Fredricks, et.al., 1965), the consequences of the possible existence
of double-stream plasma instabilities in the transition region separating
the ordered geomagnetosphere and the unperturbed solar wind were explored.
In particular the lower frequency, or ion acoustic wave, branch of the
double-stream plasma instability was invoked as a probable explanation for
some of the phenomena observed experimentally by spacecraft instruments
traversing the transition region (superthermal electrons, broad dis-

ordering of the transition, etc.).

Recent data from electrostatic analyzers aboard spacecraft (VELA,
0GO-A, IMP-B) penetrating the transition region seem to indicate that
the proton fluxes are significantly anisotropic in angular distribution,
retaining much of their streaming energy (Wolfe and Silva, 196k4; Wolfe,
et.al., 1965; Strong, et.al., 1964, 1965; Bame, et.al., 1964, 1965) while
electrons generally have isotropic angular distributions (Bame, et.al.,
1965). The proton energy spectra often appear to have non-maxwellian
tails while the portions near the mean drift energy fit a maxwellian
reasonably well. The electron energy spectra are generally more max-
wellian, fitting distributions for kinetic temperature from several
hundred eV to more than one keV, but with small non-maxwellian high energy

tails.

These recent data also indicate the presence in the solar wind of

& highly variable alpha-particle content. Wolfe, et.al., (1964, 1965)
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quote a range of alpha-particle to proton density in the range of zero

to perhaps eight or ten percent, while Bame, et.al. (1964, 1965) have
tentatively estimated a range of zero tovﬁerhaps twenty percent. (The
Mariner-2 electrostatic analyzer could not determine this ratio with pre-
cision.,) The abundance ratios He/H reported are between 8 percent (cosmic
rays) to about 16 percent (solar system abundance), while no direct solar

abundance is available (Aller, 1961).

The critical drift velocity for marginal stability of the ion
acoustic wave was previously calculated as a function of the electron/
proton temperature ratig by Jackson (1960) and Fried and Gould (1961),
and presented . graphically by Bernstein, et.al., (196L4); the curve is
shown in Fig. 1. This marginal stability curve was computed under the
assumptions that the gas (1) is fully ionized, (2) is collisionless,

(3) is comprised of only electrons and protons of equal number densities,
(h) can be characterized by maxwellian electron and proton velocity dis-
tributions of kinetic temperatures Te and Tp where Te ZZTP. Hence, any
rartial density of alpha particles was excluded from these previous

calculations.

In the present paper, we investigate the effect on the marginal
stability curve (critical drift velocity vs. electron/ion temperature
ratio) of small alpha particle/proton density ratios, and attempt to
relate the results to data from electrostatic analyzers on spacecraft in
the interplanetary and transition regions. It will be shown that, on the

basis of such recent spacecraft plasma data, the alpha particle content of
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the solar wind can be expected to have a negligible effect on the condi-
tions for the ion wave instabilities to occur, and that the previous
marginal stability criteria (Bernstein, et.al., 1964) remain applicable

to the transition region.

ITI. PLASMA DISPERSION RELATION

The dispersion relation governing small amplitude longitudinal waves
in a homogeneous isotropic plasma having several component ion species 1is

(stix, 1962) for maxwellian distributions

N yyn qze2 ,
1= L —H2'G, -v) (1)
=1 2K
J
where ' (@) = d Z/d ¢, and 2(5 y " wJ) is the plasma dispersion function
defined and tabulated by Fried and Conte (1961)
A -1 2
Wy = LD ERECTRANI
(2)

In (1) and (2), the symbols have the following meanings 93 ==w/kaJ,
1
vy = vJ/aJ, 8, = (ZKZTJ/mJ)Z. o and k are the angular frequency and wave

number of the plasma wave, v, is the bulk (drift) velocity of the Jth ion

J

speciles relative to a fixed laboratory frame, a, is the thermal velocity

J
of the Jth species of mass mJ and kinetic temperature TJ' The quantity
YW 1is Boltzmann's constant, n‘j is the number density and qJ the charge

number of the Jth specles.
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Bernstein and Kulsrud (1960) have shown that the dispersion relation
(l) can be appropriate to ion acoustic waves even in the presence of a
magnetic field. The conditions for the validity of (1) in a magnetic
field are given by <v2>% <<ec, w/l k\4< c and k v2>%/mc < <1, where
< v2 > is the mean squared thermal speed, c the velocity of light, ), the
vave number of the perturbation, ®, = eBo/mc is the cyclotron frequency
and k 1 is the proJjection of k perpendicular to the magnetostatic field
§0. All of these conditions appear to be readily satisfied by ion acoustic

waves in the transition region.

The function defined by the Hilbert transform of the gaussian, Eq.
(2), is a complex function of a generally complex argument, since for
real k, the frequency w can be complex. Equation (1) relates this complex
o to k, and thus defines the allowed spectrum of plasma oscillations. For

damped or growing waves, of the type

E(x,t) oc exp(ikx - icnrt) exp(* ¥t), T>0 ,

one solves (1) for o = o ¥ 1% at fixed values of k and the other
perameters to obtain the oscillation frequency @, and damping or growth
constant ) . This in general requires a numerical method, since (1)

is a complex higher transcendental equation.

The case of marginal stability of such waves is represented by the
solutions }S (k) = 0 which are associated with the lowest possible nor-

malized drift velocities v J/a. PR They are examined by studying the

J
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(graphical) solutions to (1) when § y - vy are real, as will be exemplified

J
in our subsequent calculations. For most of the cases of practical interest,
the minimum normalized drift velocities w j will be associated with the very
long wavelength modes k —> O, and it will be these modes that we shall
examine in solving (1) for \é = 0. Merginal stability thus represents

the boundary between growing and damped wave solutions to Eq. (1).

III. APPROXIMATE ANALYTICAL SOLUTIONS FOR MARGINAL STABILITY

let us assume a gas of protons, alpha particles and electrons.
Charge neutrality in a non-oscillatory state requires that n, = np + 2na.

1
If we define the electron Debye length 7\D = (K Te/h:tneez)e, the tempera-

ture ratios Op Te/Tp a1;1d Oy = 'l‘e/T o tl’lle variable § = w/ka.e , and the
(GP/S )2, \‘\= 2(90/6 )2, where § = me/mp is the

electron/proton mass ratio (& = 1/1836), along with the density ratio

parameters g

r=n 0./np, the dispersion relation in the ion rest frame can be written

2P N2 = 2'(5 - w) +0.2'(F §)/(1 + 2r) + ko2 (NG /(1 +2r)
(3)

where we assume w_ =w_ = 0, w 0.
he e e D a s e>

The case of no alpha particles (r = O in Eg. (3)) has been treated
vy Jackson (1960) and Fried and Gould (1961). The resulting minimum (criti-
cal) velocit =v_/8& .©® =T /T =1 is shown in Fig. 1. We shall

)veociywp p/pza b e/P g
therefore ignore this case, and pass to those for which r > O. Some

limiting cases can be examined analytically rather easily, in order to

ascertain roughly the effect of small alpha particle concentrations on the
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W Yi. Gp minimum velocity curve for the¥(k) = 0, k> 0 solutions to (3).

A particulerly simple case is that for which T, = th in (3). Then

E) = \\’l , ep =0, and (3) becomes

2 2 ' 1
& Ay =2 (5 -w) +® 25 (1)
where the effective temperature ratio is now
@p:(l+x°)OP/(l+2:c')<Gp for all 0=<r< oo . (5)

One can see from Eq. (5) that in the presence of alpha particles
with T = th the critical velocity curve (Fig. 1) is shifted to the right
along the temperature axis, and thérefore the minimum drift velocity for
marginal stability computed from (4) will exceed that for r = O at any
given QP. This is to be expected on the basis of arguments involving the
shape of the composite distribution functipn FT(V) = fe(v) + fp(v) + fa(v)

in the present case. (Section 4, below).

To estimate the change in the drift velocity produced when r > O,
let r = 0.1. Then ®P = 9p/l.09, and the difference between the drift
velocities is thus quite small even at ®p =1 (Op =1.09). It decreases

with increasing ep. The general result can be stated as follows, where

i ] =aw (6 a
we write wp( p) e e( p)/ p’

w (6 ,r>»0) =w (6 ,r =0) +w o<w ' wi( =1,r =0 .
P(P, ) P(P, ) D ’ p<< P(P ’ )
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A second case of interest is that in which Tcx = Tp = Te’ rd<l.

In this case 6, = Gp = 0, while ‘(\= zg in Eq. (3). If we add and sub-

tract a quantity OZ'(@ G ) on the r.h.s. of Eq. (3), wve obtain

2N =25 - w) 02 ()« B {22’ (2R ) - 2' (55}, (6)

which is in a form appropriate to perform & perturbation calculation.

For very small r, the last term on the r.h.s. of Eq. (6) should yield a
very small correction to the solution to (6) when r = 0. In particular,
let us consider the well-known solution to (6) for r = 0, @ =1. It is

shown by Fried and Gould (1961) that in this case, one has

- 0.925
+ 0.925

S Ve
59

which yields a critical drift velocity

’ kz )\Dz_) O+, §= 6% ’ (7)

1
w6 =1, r =0) =(0.925)(1 +&2) . (8)
For 1 >%r 30 let us try a solution

- 0.925 + €

5 - v,
59

where € and €2 are real, small first order quantities depending on r such

2 2
17 €5 5 €€y €T and

ezr can be neglected. Then to first order, a Taylor's series expansion of

Eq. (6) about the points § - w, = - 0.925 and é;g = + 0.925 yields for 6 = 1

1
(9)

+ 0.925 + 62 3

that terms proportional to producf.s of the type ¢
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Lim 2k° hnz = 2'(- 0.925) + 2'(+ 0.925) + €;Z (- 0.929) + €, (+ 0.925)
k—>0

+ ar
1l +2r

(22'(1.85) - 2'(0.925)) . (10)

Now the function Z'(x) for real x can be written (Fried and Conte,
1961),
z'(x) =2 {sz Y(x) - l] - iZn% X exp(-xz) s (11)
where

-1 2\ [* 2
Y(x) = x — exp(-=x ).[ exp(u”) du . (12)
o]
It follows that Z'(x) has the symmetry properties,

Re 2'(x) = Re 2'(=x)

Im Z'(x) = - Im 2" (=x) s (13)

while the second derivative Z'(x) has the properties,

Re Z (x) = - Re 2"(~x)

Im z"(x) = Im 2" (~x) . (k)

The real part of Z'(x) vanishes at x = ¥ 0.925. Hence, by use of](l3) it
can be seen that the first two terms on the r.h.s. of Eq. (10) vanish
identically. If we pass to the limit kZAADg—%>O+, then the feal and
imaginary parts of Eq. (10) yield two inhomogeneous algebraic equations
which determine the two unknowns €, and ¢_. These equations may be

1 2

written
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(0]
'
)
It

[ur Re z'(1.85)]/(1 +2r)eRe 2 (0.925)

[}
+
m
i

Lt -2r[1m z'(1.85) - Im z'(o.925)]/(1 + 2r).Im 2"(0.925) ,

(15)
where use was made of relations (13) and (1%). The function Z(x) satisfies

the differential relation
z"(x) = (2/x) - (2x - 1/x) 2'(x)

and the numerical coefficients in (15) may be obtained using the tabulatecd

values of Z'(x) given by Fried and Conte (1961):

4 Re z'(1.85/Re z (0.925) = 0.880

2[(1m 2'(1.85) - Im z'(o.925)]/1m 2"(0.925) = 1.79

This yields
€ - € = 0.88r/(1 + 2r)
€ *e€, = 1.79¢/(1 + 2r) , (16)
so that
€ = - 0.455r/(1 + 2r)
€, = - 1.335r/(1 + 2r) . (a7)

Equation (9) may be solved for the drift velocity L)

v (0 =1, r>0) =0.925(1 + 6%) + (0.455 - 1.3556%)r/(1 +2r)
(18)
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1 Py b
and, since §°2 = (me/mp)2 = 1/L42.85, we(O 1, r =0) =0.925(1 + §2),

we finally obtain

we(G =1, r>0)

u
]
—
©
fl
[

-
2}
It

0) + 0.b2hr/(1 + 2r) . (19)

1]

Therefore, in this case (T T, O¢rccl and v = vp) the presence of
an alpha particle concentration leads to & slightly higher drift velocity
for marginal stability than that required in the case of no alpha particles,

r = 0. We shall show in a subsequent section that the result (19) for

I

°)

1l holds for all @ > 1., Numerical values of the shift in required

drift velocity can be computed for, say, r = 0.1. They yield

w (6 =1, r=04)- w (6 =1, r=0) =0.0355,

which yields an equivalent proton drift velocity shift of

oj-

v (e =1, r=04) - v(6 =1, r =0) =1.52a = 1.52(2K T /m )

A natural question to ask at this point is: what would be the
effect on the minimum critical drift veloéity for marginal stability of
the presence of alpha particles drifting with respect to both the protons
and electrons? To examine this case, let us work in the electron rest
frame W, = 0, and set Toa = Tp, L (1+ ) )wp. The convenient variable in
Eq. (1) then becomes g = m/kap. In this variable, Eq. (1) can be written

in a form analogous to Egq. (6),

2k? ?\Dz =2'(8 %e'%g) + ez'(C) - wp) * 7 irgr {zz'(zg - - zc;wp)-z'(g‘ - wp)].

(20)

- 10 -
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As in the treatment of (6), let us seek solutions to (20), for very small

r and ® = 1, in the form

i
&2?)=+o.925+e3

Cew = -
) wp 0.925 + €h

g(g - wp) - ZGwp = - 1.85 + 2¢), - zo—wp A - 1.85 - 2Gwp
(21)

A Taylor's series expansion of (20) yields

2k2)\D2—> ot = 2'(0.925) + 2'(-0.925) + e3z"(o.925)+ euz"(-o.925)

* 1 irZr [2z'(-1.85 - ZGwp) - z'(-o.925)} . (22)

If Eq. (13) and (14), are used again, we obtain the two equations

determining e3 and €),
€3 - €, = - fr/(1 + 2r) .
s te = gr/(L + 2r) IR (23)
where
f = 4Rez'(1.85 + zowp)/Rez"(o.925)

g = 2{2mmz'(1.65 + 20w ) - Inz'(0.925)} /Inz"(0.925) .  (2k)

The solutions to (23) are

€y = (g - £)r/(1 + 2r), €), = (g + £)r/(1 + 2r) . (25)

These values of e3 and €), yield the new drift velocity

v, = 0.925(1 +6%) + % [(g - f)&fé - (g + f)]r/(l +2r) . (26)

- 11 -
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The first term on the r.h.s. of (26) is Just the value of critical drift
velocity in the case r =0, @ = 1, If drifting alpha particles are to
reduce the required drift below the value for r = O, then the coefficient

of r/(1 + 2r) in Eq. (25) must be negative, which requires
-t L
b2+ =(d2-1)g . (27)

This places a condition on the magnitude of O . Actually, we may treat
Eq. (27) as a transcendental equation (or inequality) and solve it for the
variable x = 1.85 + zcswp. If the equality sign in (27) is taken and the
numerical values of the functions &appearing in (24) are used, as well as

Y
the value &2 = 42.85, the equation becomes
Re Z'(x) - 1.93020 Im Z'(x) = 1.34437 . (28)

We have solved this equation graphically, and obtain

x = 1.850 + 20y, = 1.686 .

Therefore

O;: - 0.082/wp . (29)

The magnitude of C% can be estimated by using the value of normalized
drift velocity L wp(e =1, r =0) = 0.925(1L + 6"%) = 40.56, and (29)
yields g, -2.02 x 10-3. If 0 bvecomes more positive than this value, the
effect of the alpha particle drift will be to raise the drift velocity re-
quired for marginal stability above the value required when r = 0. We find

from (29) that the alpha particles can lower the drift velocity for marginal

- 12 -
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stability only if they are drifting somewhat more slowly than the protons.
However, since the perturbation calculation based on Eq. (20) cannot be
extended to include large negative values of O , it is dangerous to con-
clude that the critical drift velocity wp can be continuously lowered if
we make (§ very much more negative than the value -2.02 x 10-3. It will
be shown in the next section that when the difference between proton and
alpha particle drift velocity is on the order of several proton thermel
velocities, that is vp “Vy = Nap, N2>2, their effects in Eq. (20) be-
come decoupled, and that for density}ratios 0=r¢ 0.2 of interest to us
in considering solar wind effects, the alpha particles have no influence

on the proton drift velocity required to produce states of marginal

stability of lon acoustic waves.

IVv. TOTAL DISTRIBUTION FUNCTIONS AND MARGINAL STABILITY

A double stream instability occurs in & plasma having a total
particle distribution function Fb(v) = E:jfj(v) only if FT(v) possesses
several peaks, or relative maxima and minima, of the proper type. There
are conditions on the separations of the relative maxima, on the magni-
tudes of thesélmaxima and the change in slope near the relative minima
(Penrose, 1960). Conéider, for example, the composite maxwellian
distribution
1 -vz/ae2 1 -(v-vp)z/ap2 _1-(v-va)2/ao?

na e + n_ & e + na
e e PP aa

1
e FT(V)

(30)

- 13 -
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which represents a non-drifting electron distribution and drifting proton
and alpha particle distributions. This function is sketched in Fig. 2
for a case Te> > Tpr To? and two cases of drift: elther Vo< vp or

Vo > Vpr It is easy to show by numerically evaluating Eq. (30) in this
case that if va = vp t Nap, where N > 2, then for density ratios

0< r<0.2 the alpha particles will not noticeably influence the rela-
tionship between fe(v) and fp(v) which determines the instability. 1In

this case the relative distributions in the vicinity of v = vp are

-1
na
bp

fp(vp)

' -1 2 2 2
fa(vp) ng, exp [-N a, /aa } ,
and the ratio
- 2.2, 2
£,(v,)/2,(v.) = (n/n )a /o ) exp {-W%aZ/al },

becomes

fa(vp)/fp(vp) = 2r exp(-th) <~O.1+e.l6 ,

for T = Tp(zztp = Zaa), N> 2.

8
Since this ratio is less than or on the order of 10 , we see the
nearly null influence of the drifting alpha particles. Thus, the approxi-

mate treatment of (20) will not be valid for large negative O .

In order to understand the influence of fa(v) on the criterion for
instability when Va?? vp, consider the graphical representation in Fig.
3, where we have plotted the gaussian fp(v) centered at vp, and the two
gaussilans fé;)(v) centered at vp + ap/z. The additions of the dashed
curves fp(v) and fg(v), are the solid curves. We note that the distri-

bution derived by adding the small gaussian centered at vp - ap/z shifts

- 14 -
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1

the peak of the composite curve to the left, i.e., to vp - vp. It also
decreases the "apparent temperature" on the fl.h.s. of the curve, by
steepening the slope. Since a steeper slope on this side of the com-
posite distribution, when intersecting & non-drifting hot electron dis-
tribution as in Fig. 2, tends to decrease stability (Penrose, 1960), the
reason for the result (29) derived by perturbation of the r = O disper-
sion relation can be seen. The case in which fa(v) peaks at v, = ap/z

will lead to increased stability by reversal of the arguments Jjust

presented to explain decreased stability.

v, GRAPHICAL SOLUTIONS TO THE DISPERSION RELATION

As was previously stated, the dispersion relation (1) is a trans-
cendental equation containing the two variables w and k and many parameters
such as densities, temperatures, masses, etc. Solutions to (1) using
purely analytical méthods appear impossible; it is therefore necessary
to solve (1) for w and k by either numerical machine computation, or by
a suitable graphical technique. We shall present one of the latter methods
which is simple and relatively rapid if one wishes to compute the drift
velocity vs. temperature ratio for ion acoustic wave marginal stability.

The technique has been used previously by Jackson (1960).

Let us first put the dispersion relation into a suitable form. In

the electron rest frame, Wy = 0, (l) may be written in the form

2l a2 - 2'(B) + o (218 v 28] (31)

- 15 -
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vhere we study the case T, = TP =T,, © = Te/Ti > 1. The arguments of
the dispersion functions are ¢1 = u)/kae, ¢-2 = (o/k - vp)a.p, ¢3’ = (w/k - Voz)/aa'
For purposes of studying a specific numerical exemple, let us choose r = 0.1,
corresponding to a solar wind condition in which the alpha particle-to-proton

content is 10 percent. Also, let us rewrite ¢3 in terms of the variable

¢,. Since 8, = ap/z , the relationship

"

&

2(w/k - vp)a.p + 2|vl\ ap

b
vy /ap__O s

I
S
>
>

]

= 2|

1.2, the new function

. = + b=y .
applies with v o v:p _rvll Since 1 + 2r

G'(8, s8) = = [Z'(¢2) + 0.4 2'(2f, ;A)] ’ (32)
may be defined and (31) becomes
al NP = 2'(B)+ 6" (8,5 10) . (33)

For the long wavelength, marginally stable modes, we allow k2 7\D2—> o*

in (33), and obtain the two equations

Re 2'(f) = -Re G'(g,5 7 )

]

Im z'(¢l) -Im G' (B, £ D) ) . (34)

From the symmetry properties (13) of the plasms dispersion function,

it can be shown that (34) will be satisfied by the pair of points

(g, =) B = - ) ’

- 16 -
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where Pl and Pz are positive real numbers. To find these points, we plot
the trajectories of the functions Z'(¢l) and G'(¢z) with ¢l and ¢2 as
parameters. The function Z'(¢l) on the complex Z'-plane is shown in

Fig. 4. The ordinate is Im Z'(¢l) and the abscissa is Re Z'(¢l). For
¢l>»0, Z'(¢l) lies entirely in the lower half-plane. (The function for
$,< O is the reflection across the real axis). Thus, the function Z' in
Fig. 4 is the r.h.s. of (34%). If 43'(¢2) is plotted on the same scale
for ¢2<,0, it will lie also in the lower half plane. The intersection
§, =B, §, = -B, of the trajectories z (§,) and G'(g,) ylelds the
solution to (34) for a specified value of the parameter A in (32).

These two trajectories can be plotted with the alid of the numerical

tables of 2' (@) for real (positive or negative) values of @.

We note that the function G'(¢2) as defined by Eq. (32) contains
the temperature ratio © = Te/Ti as & multiplicative, or scaling, factor.
As © increases, the trajectory -G'(¢2) expands without changing shape.
This behavior results in intersections ¢l = Pl — 0, ¢2 = - Pz"'9 o, &
steadily decreasing drift velocity vy, 88 @ —> oo. However, since the
state of marginal stability is defined such that it involves the minimum
of all possible drift velocities which reduce the damping to zero

* *
(B (x) = 0), one reaches a point ¢l = Pl"¢2 = ~P_ at which the k—>0

2
mode is not associated with the minimum drift velocity, but rather some
mode k>0, i.e., K2 )\Dz #£ 0 in (31) will yield a minimum drift velocity
(Jackson, 1960; Fried and Gould, 1961). This occurs for © 2,20, and is

of no interest to us here.

- 17 -
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As specific examples in Figs. 5, 6 and 7 the graphical intersections
defining the solutions to (34) are shown for the cases Vo " vy =¥ ap/Z:
a .
Vo T Vp = 0, v - v, =3P (6 = 1.2). The critical drift velocities for
the case © = 1.2, r = 0.1 and a range of relative proton-alpha particle
drifts are sketched in Fig. 8. This curve was computed from the graph-

ically determined intersections ¢l =P, g = Pz(Pl’Pz > 0) using the

2
formuls

= = LOUP
LA P, + aePl/a.p P, + 46.94 1 ,

and may be compared with the value wp(O =1.2, r = 0) = 39.07 for the
case in which no alpha particles are present (dashed horizontal line in

Fig. 8).

After a systematic study of the graphical solutions for a wide range
of temperatufe ratios 6 and relative proton-alpha particle drift speeds
(wp - wa), one concludes that when the alphs particle concentration is in
the range O to 20 percent, there will be little difference from the mini-
mum critical drift velocity for marginal ion acoustic wave stability as
plotted in Fig. 1. Whatever differeﬁce occurs in this curve due to alpha
particle content and relative drift is almost certain to be negligible
when compared with perturbing effects from ion density gradients, possible

anisotropies in the plasma, magnetic field gradients, etec.

VI. DISCUSSION
To the extent that the particle distribution functions are maxwellian

and that the ion oscillation wave numbers satisfy the criterion, klg/mc4<<.l,

- 18 -
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etc., it has been shown that the threshold curve of Fig. 1 should be
applicable in the transition region for r ¢ ¢1l. The recent electrostatic
analyzer measurements on Vela 2A, Vela 2B, 0OGO-A, IMP-B suggest that a
distinct intermediate state with warm streaming protons and hot electrons
does indeed form in the transition region, and it is tempting to interpret
this as a state of marginal stability with respect to electrostatic plasma

oscillations.

In the outer transition region the proton analyzers typically detect
either the cool, highly streaming protons associated with the solar wind
(véo)ff 300-700 km/sec, K Téo) 2/10-30 ev), or a somewhat hotter and
slower proton stream (V; ~ (0-6-0-9)V£0), kli; 2 (3-5) i<1£°)) with a
non-maxwellian tail which tends to flow around the magnetosphere. The
measurements indicate that the spectrum 'hops" back and forth between
these two states in the outer transition region, but that the plasma
generally "settles" into the broader state within two earth radii of
the magnetosphere boundary. In the electron mode, the Vela analyzers
generelly detect isotropic distributions with 106°K <.Té‘< 3x 108°K.
The higher temperatures are found near the 17 Re magnetospheric boundary
and the Explorer 12 CDSTE response (Freeman, l9éh) also indicates that
large fluxes of kilovolt electrons are present just beyond the magneto-

pause.

The most plausible explanation for the "hopping" in the outer
transition region is that the region contains filaments with two plasma

states which the spacecrsft encounters alternately as it moves along

- 19 -
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its trajectory. [The very large amplitude, short-period magnetic pulses
observed on Pioneer I (Sonett and Abrams, 1963, Figs. (3) - (10)) and
Explorer 12 (Cahill and Amazeen, 1963, Fig. (3) may be solitary waves
which propagate upstream and trigger the drift instability causing fila-
ments of the second plasma state; kinematic considerations then suggest
that, on the average, the most distant upstream magnetic disturbances
should be located near the fluid dynamic "shock" boundary.] If the
second or "warm" plasma state is indeed one of the marginal stability,

then in the electron rest frame, rough equipartition of mechanical energy
2

+
b

%mpvg AJl6\(T£ (See Fig. 1). Peak ion wave potentials as large as

2
0.35(mpv£°) /2) (stix, 1964) may then be anticipated.

[ 1 5_ [ 2 ) ' 1 '
yields Np(zmp v 5 K Tp) ~ £ Ne KT, 50 that Te/Tp >> 1 and

As noted above, the analyzer results do indicate that T; >>'T; in
the transition region and these observations are alsoc reasonably consis-
tent with the stebility condition vg “’h(2K~T£/mP)%. No direct transition
region measurements of ion wave potentials have been made, but the presence
of spikes of superthermal electrons (E > 4O keV) can indicate that peak
potentials on the order of hundreds of volts develop, as discussed by
Scarf, et.al., (1965), Fredricks, et.al., (1965). However, these early
comparisons are subject to several uncertainties, and no unambiguous
identification with a state of marginal stability can be made at this
time. For instance, although electron angular distributions are generally

fairly isotropic in the inner transition region, it is not yet possible

to determine with any accuracy the extent to which the electron rest frame
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differs from the spacecraft frame of reference. An even more serious
problem is related to the possibility that hypothetical large amplitude
electrostatic oscillations may introduce biases into operation of plasma
probes. Although this aspect of the plasma instability is relatively
unexplored, there is some reason to believe that the averaged response
from the electrostatic analyzers on Vela 2A, 2B, 0GO-A and IMP-B is not
seriously contaminated by such oscillations. In particular, simultaneous
time-averaged (transition region)positive ion measurements from Vela 2A,
O0GO-A and IMP-B yield points which fit remarkably well with a single
proton-alpha particle spectrum (J. H. Wolfe, S. J. Bame and I. B. Strong,
private communication). Since the analyzers have different energy ranges,
energy windows, angular aperatures, switching and sampling times, etc.,

and since they are located on spacecraft of greatly varying physical sizes
and shapes, this correspondence is quite significant. The 0GO-A and Vela
analyzers measure essentially D.C. proton fluxes down to 300 ev; the
agreement then indicates that any serious contamination affects only
protons with lower energies, that it is of such a nature that it does not
register on analyzers with long time constants, or that it disappears
when the instantaneous analyzer response is averaged over several sampling

cycles.

Finally, it is worth noting that the drift instability discussed
above is readily produced in the laboratory when charge separation electric
fields are imposed on collisionless plasmas with Te/Ti >> 1. Figure 9(a)

shows the energy spectrum of a stable cold (Ti ©100%K) cesium beam while
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it is being neutralized by 3000°K electrons (Sellen and Shelton, 1961).
The neutralization is deliberately non-uniform so that significant
electric fields are present throughout the system. When the neutrali-
zation is nearly complete (i.e., when the beam becomes a plasma), the
ion spectrum suddenly broadens and shifts to a somewhat lower mean
streaming energy (Fig. 9(b)); at the same time the electrons gain addi-
tional thermal energy (determined by the emission spectrum of cesium
atoms and ions) and large amplitude, low frequency space charge oscil-
lations occur (determined by deflection of an electron beam probe and

by measurement of a modulated ion current at the collector).
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Figure 1. Sté.bility diagram for a hydrogen plasma with maxwell -

boltzmann distribution functions. If the relstive
electron-proton drift speed is greater than up®/(Te,Ty),
the system is overstable and large amplitude electro-
static plasma oscillations develop. For T,/T; < 20,
the k = 0 modes grow most rapidly.
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Figure 3. Structure of the ion distribution function when

Vo - Vps showing the shift In the peaks to
i'vé and the change in aspparent temperature to

a, = (2 n.T;/mp)%'when Vo S Vp .
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Figure 4. The plasma dispersion function Z'(¢i) on the complex
7'-plane for ¢ positive and real. ~ For @) negative
and real, the function is reflected across the real
axis. The origin corresponds to @1 = + ®
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ImZ'(¢hy), ImG*(ghyi-1)

ReZ' (@), ReG'(hy;-1)

$,=-0.1

Figure 5. The intersection of the trajectories Z'(¢l) and G'(¢2)
for a relative drift vy - Vp = O.Sa.p o
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Figure 6. The intersectfon of the trajectories Z'(¢l) and G'(¢2) for
o relative drift vy - vp = 0 .
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Figure 7. The intersection of the trajectories Z (@) and G'(@3) for
a relative drift v, - vp = - O.Sap .
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wp = Vp/ ap

432

R N S | IR N T 3}
10050604020 020705058700 VaVpVe

Figure 8. The critical normalized drift veloclty w, = vp/a.p

for marginal stability as a function of relative
proton-alpha particle drift (vy - vp) /a.p .
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Figure 9(a). Collisionless cesium beam in non-oscillatory
state while it is being neutralized non-uniformly.

Figure 9(b). When neutralization is nearly complete, plasma
oscillations occur. The cesium spectrum is broadened
and the ions lose energy. In the oscillstory state,
hot electrons are produced and they excite spectral
lines of cesium I and cesium II. The space charge
oscillation frequency is very low in the plasma
frame of reference; in the lab frame w = ku, with kL ¥ 1.
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Abstract ¢
29777

The beam-plasma interaction which has been proposed by Stix is examined
both by spproximate analysis and by integration of the nonlinear equations of
motion which describe the interaction of an individual electron with a mono-
chromatic large amplitude electrostatic plasma wave. The.quasi-stochastic
model of the large amplitude plasme waves, introduced by Stix, has been used
in the calcualtions by programming a random phase function into the argument
of the periodic plasma wave function. It is found that electrons are subject
to a quasi-cyclotron acceleration which limits generally at a higher energy
in the stochastic case than the limit found in the non-stochastic case (a
phase-coherent'plasma»wave). This behavior is interpreted in terms of a
limit cyéie phenomenon, and the stochastic phase shift appears to push
eléctrons across these limit cycles. It 1s also found that favored grdups
of electrons in & 2eV plasma excited by a 5 keV beam in a 2000 gauss field
can achieve energies in the range 85 to 170 keV in less than a nanosecond
by a single acceleration occurring in one plasma wave coherence length L,
as defined by Stix. é}«/ \

/

—
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I. INTRODUCTION

In a recent paper Stixl has proposed a beam-plasma interaction in which
overstable electron plasma oscillations produce cyclotron acceleration of
electrons to high energies (> 100 keV). A similar mechenism employing over-
steble ion plasms oscillations has been proposed by Fredricks, et g}? to
explain measurements of superthermsl electrons (2 40 keV) by spacecraft-borne
instruments in the region of interaction between the solar wind (expanding
solar coronal plasma) and Earth's magnetic field. This cyclotron acceleration
process may be responsible for the production of the energetic electrons
(2 100 keV) produced when beams of moderate energy (5-20 keV) are passed
through a warm plasms (k’l‘e=' 2-20eV) confined in a magnetic mirror field
(B°~ 2oooc;)3’h’5.

The basic mechanism proposed by Stixl is & quasi-stochastic cyclotron'
acceleration of a selected group (in velocity space) of electrons by electric
fields g(;, t) due to overstable plasma oscillations excited by the double
stream instabllity. The frequency of oscillation of E is assumed to be nearly
the electron cyclotron frequency, and the velocity group of accelerated elec-

trons contains those which "feel" the wave frequency at their local cyclotron

frequency as a consequence of the Doppler shift. Since this acceleration

process extracts energy from the wave field (cyclotron damping) it is
necessary to show from the dispersion relation that the growth rate of the
electrostatic field E can overcome (or at least balance) the decay rate due
to cyclotron damping. The mode considered in detail by Stix 1s one in which
kxE =0, kxB %0, that is a mode having components k(x, , k,) both
perpendicular to and parallel to B .

The quasi-stochastic feature of this picturel arises from the descrip-
tion of the nonlinear growth of the plasma oscillations to large amplitudes.
It is assumed that the primary result of the growth of the nonlinear oscilla-
tions is a breaking of the plasma waves leading to large-scale decoherence
in the phases of the oscillations in various regions of the plasma. As
depicted by Stix, large amplitude oscillations appear as "a conglomerate of
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regions of oscillation which are individually coherent but mutually incoherent".
The scale size of individually coherent regions is described statistically by
introducing a correlation length L related to the wavenunber k(w) of the

" dominant plasma oscillation. The arguments involved are given by Stixl (and
are not reproduced here) and he concludes L, rs 0.63Te )y = O¢637(2n/k").

The effect of introducing such a correlation length fof phase coherence
is to destroy the particle velocity-position correlations which tend to build
up with time, leading to trapped particles and a damping of the nonlinear
oscillation to produce a small limiting amplitude of the wave. One of the
results of the investigation reported in the present paper is the discovery
of a magnetic trapping phenomenon which would severly limit the final energy
achieved by an electron subjected to the cyclotron acceleration by a com-
pletely coherent wave. However, the introduction of a correlation length for
phase decoherence is shown to produce an untrapping which allows particles to
be accelerated beyond the limiting energy for fully coherent wave fields of
equal amplitude.

The primary difference between the analysis in the present paper and
that of Stixl is the way in which the equations of motlon of the electron
are treated. Whereas Stix has attempted to treat the essentially nonlinear
differential equations analytically, the present investigation is a combina-
tion of approximate analysis and analog computer studies of the equations of
motion. Another difference is the way the stochastic phase shift of the
plasma oscillation is introduced into the problem. Instead of a correlation
iength, the computer solutions in this paper were obtained by introducing a
random amplitude (between + m and - m) phase shift § into the wave
Eocos[§°£ -wt + §{t)]. ¥(t) is given a temporal period Tph°
drifting at velocity V, parallel to the magnetic field, this is equivalent
to a correlation length L, = W‘Tpho It is found that the basic mechanism
is indeed capable of producing superthermal electrons.

For a particle

Q=
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II. APPROXIMATE LIMIT CYCLE SOLUTIONS

Consider an electron in a magnetostatic fleld B, in the Z-direction and
an electrostatic oscillation of potential /

¢ = ¢osin(klx +kz - wt o+ §)

where ¢ is a random phase variable (- m < ¥ < ) either of correlation length

'L“ or of period Tph‘ The equations of motion are

-

c
X +
¢

“
"

(k_‘_e¢o/m)cos(klx + kyz-wt + V)
° (1)
(k“e(bo/m)cos(klx + k z-wt + §)

€ N

The analytical techniques for handling nonlinear equations of the sort
in Egs. (1) are quite limited, although moderate success may be anticipated
in cases of "small" forcing terms, that is when the modulus of the r.h.s.
of (1), |kl e¢o/m, is small compared to some inertial quantity such as %, ¥,

Z.

One may expect that solutions to (1) could exhibit, under some circum-
stances, a 1limit cycle phenomenon6. The plausibility of limit cycle solutions
can be demonstrated quite easily in the case k" =0, ¥ = 0. One can then
assume a periodic orbit of the form x(t) = Rsin(wt + a), y(t) = Recos(wt + a),
o = const., and examine the time-averaged force over one cyclotron period

6 +2m
£,y = (kleqjo/znm)j ®cos (k,Rsin(8 + @) — wd/w ) a0 (2)

%

where 6 = wt. The integral in (2) is a Bessel function Jn(k_LR) if

w/wc =n = 0,1,2,3.... For non-integral m/mc =y, it is a generalized
cylinder function! 2 1'(klR). In either case, it will be a damped oscillatory
function of kR, the zeros of which will be points of either stable or un-
stable equilibrium depending upon the slope of the function Jn or Z y in the
vicinity of the zero. The points of stable equilibrium where (f‘l) = 0 can
be limit cycle orbits. Although it has not been shown here that orbits for
which (2) is valid are accessible from arbitrary initial comiitions on (1),
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at least plausibility of limit cycles may be inferred. It will be seen in
Section IV.B. below that analog computer solutions to (1) do indeed exhibit
a type of limit cycle behavior.

ITI. PERTURBATION SOLUTIONS

If the amplitude k”e¢o/m of the forcing term in the third member of
Eqs. (1) 1s small in the sense previously described, one may write an
approximate expa.nsion2

N 2 2
k2 gz, + kWt - (k||e¢°/mw Jeos[k x + k2,

-kt - wt 4y e (3)

where zo is the initial value of z(t) and V is the initial value of Zz. For
For k“ ep /mu) < 0.1, the oscillatory term in (3) will introduce phase shifts
varying between at most + 3.6 deg. into the r.h.s. of the first member of (1).
If one neglects these small oscillations, then Eqs. (1) degenerate into the
transverse equations

i

(kie¢o/m)°°s(ka - ewct +¥)
° (x)

® - wcy

X + ¥
U.)c Yy

where B = (w - k"V“)/w is a normalized Doppler-shifted frequency. Egs. (4)
are those treated quasi-statistically by Stix to obtaln an expression for

the transverse energy WfN) obtained by an electron after N collisions with -
the stochastically phased electric field. (It will be shown in Section Iv.C.
below that under appropriate conditions on the parameters B and fL= kfe¢o/mm2 )
solutions to (4) can be obtained, for electrons drifting through & single
correlation length an V T wherein ¥ = const., that yield very energetic
electrons. That is, there will be electrons in the tail [v = W‘>>(2kTe/m)1/z]
of a cool plasma distribution that can absorb energy from the electric field
in a time T less than or equal to their drift time across & coherently

acc
phased cell of dimension L“.)

~la
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A very crude estimate of the behavior of (4) has already been made,
resulting in Eq (2) for <f.L>' One can slso form an energy rate equation from
(4), that is '

gd% [(:":)2 + (i)z] = %_%‘ = eg B cos(k x-Bw t + §) + ed Ed% sin(k x-Bw t + ¥)
(5)

If one assumes that the motion ensues on orbits of the sort x(t) = p(t) sinw t,

y(t) = p(t) cosw t where p(t) changes very little over the interval

2(m-1)mr < wct < 2mm, m = integer, then to first order the change in W, over

one cyclotron period is

I\ Zﬂe(boﬂinccostze(kj_(p)) +0 (kJ_Ap) , (6)

where (p) is the mean value of p(t) over this interval, Ap is the change in
p(t) and 1t 1s assumed that Ap << (p), and ZB(kl(p)) is the generalized
cylinder function defined by the integral in Eq. (2). The limit cycle
phenomenon of (2) is again apparent in (6), because of the zeros of ZB'

Two cases of interest for the purposes of comparison with_ later analog
solutions to (i) are B = 1 and B = 2. If one selects cosy = 1 then
oW = J. (k,{p)) or J,(k,{p}). Thus, the energy increments on each quasi-
cyclotron orbit would appear to grow at first, until a mean radius (po)
corresponding to the first maximum of Jn(k(p)) is reached. Beyond {p o) the
successive AW, should continually decrease until the limit cycle orbit
(p)m, Jn(k1<p)ma.x) = 0 is reached. The trajectory x(t), y(t) on the X-Y
plane would appear to be a non-uniform spiral if (6) is valid (see Fig. 5).

Eq. (6) is only qualitatively correct, and the limit cycle location at
k.l.<p>mx such that Jn(kl<p>max) = O may be numerically incorrect. (In fact,
analog computation shows that this is the case.) A more refined perturbation
analysis can be made by introducing solutions of the type

x(t) = (p}J sinw t + §j(t), y(t) = (p)jcoswct + T]J(t)

where § J(1:) s M J(t) << {p) 30 and linearizing equations (4) to first order
in gja.nd. ’ﬂj. The result is
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Ej - wcﬁj - {(kfe¢o/m)sin(kl(pj>Sinwct - Bw t + *)}Ej =

(kle¢o/m)cos(kl(pj>sinwct - Bw t + V)

0

wc§+ “3
J
which are valid over tj <£t< tj + Zn/wc, and (p)j is the mean gyroradius
during this time Interval. If the second of these equations is integrated

for initisl conditions §j =0, ﬁj =0at t = tj ;, and we let § = O, then a
combination of the result with the first equation ylelds

Ej + {wz - (kfe¢o/m)sin(ki(p)Jsinwct - cht)}gj
= (kLe¢o/m)cos(kl(p>Jsinwct - Bw,t) (n

This equation is approximately valid only up to time t =t, + Zn/wc s, where

J
(p)J must be adjusted to a new value (p)

J+L °
Eas. (7) is en inhomogeneous Hill's equation of the form
$ + [a - 2af(t)]e(t) = &(t) (8)

where the functions f(t) and g(t) are expansible into Fourier series on the
interval T. The procedural details of solving an equation such as (8) involve
infinite determinants, the elements of which are functions of the Fourier
expansion coefficlents, and can be found for instance in McLachlanBo These
intricate calculations will not be performed here, since the nonlinear
equations (4) have been sclved on an analog computer. The equation (7) has
been introduced only to demonstrate that the crude result (6) could be further
refined if necessary, and the location of the limit cycle given by (6) may
well disagree with that found by solving a chain of equations such as (7D
where (p)J is read justed after each cyclotron period.

IV. ANALOG COMPUTER RESULTS

A. Stochastic Phase Shifts

For the purposes of analog computation, it is convenlent to cast Egs.

(1) into a dimensionless form. One can define the dimensionless variables

6=
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and paremeters € =k x , N = Ey, L=kz ,2z2,=2+Vt,T=0t,
4 2 el 1 I c

B = (w- k“V“)/wc , f_L’“ = k_l’" e¢o/nmc - Then the equations of motion

become in this representation

.
g+

L

[}

ficos(§ + M - Br + ¥)
0 (6 = ap/dr) (9)
f"cos(§ +M =Bt +¥)

The phase function ¢ 1s considered a function of T, such that it will re-
present a random amplitude in the range - m £ § £ m over a time interval
AT = Tpho

, Equations (1) were programmed on an electronic analog computer for .
various values of #L’ f“, B and initial data. The phase function ¥ was
introduced in various forms, ranging from a time independent constant

(¥ = 0, the case discussed in Section IV.C. below), through a series of
pulse periods Tph’ to a broadband gaussian noise signal. The dimensionless
time intervals over which solutions to (9) were obtained were O < T < 1000,

corresponding to some 160’cyclotron periods.

The dimensionless transverse velocity

: 2.2 *\211/2
w o= {®2 @M, (10)
is related to the transverse energy in the following way:
2
1 2 v
Wl = é-mvl =-2-f1(e¢°) . (11)

To determine the effect of the random phase shift () on the energy
W achieved in the time T = 1000, values f; = fj = 1.0 and B = 1.75 were
selected, and the repetition period Tph was varied. The results of this
computation are shown in the bar graph of Fig. 1. The horizontal line at
wy (max) = 1.8 shows the maximum velocity reached in the case ¥(t) = 0
(Tph -+ ®) which représents avfully‘coherent wave. The bar shown at Tph =0
is the result obtained by using a wide band (0 - 100 kc) gaussian noise

source to represent ¥(t).
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The effect of fixing the repetition period of the random phase function
at a value Tph = 2.0 and varying the normalized Doppler shifted frequency B
is shown in Fig. 2. One can see that over the time period used, the accelera-
tion 1s rather broad banded with respect to B, at least for the values
f), =f)=1.0. However, this is a case in which the force parameters are
"large" in the sense of Sections IT and III; in these large force cases, any
"resonance" one might expect as a function of B is distorted by nonlinear
effects. On the other hand, when f; and f|| become small in the sense of
Sections IT and ITI, as in Section IV. C. below, the resonance conditions
B=n=1,2 seem to hold approximately, and the broad bandedness'fnferred
from the large force case in Fig. 2 cannot be extrapolated to the small
force cases. (This broad or narrow banded behavior of the acceleration
process clearly is of importance in assessing the merits of the proposed
mechanism for producing energetic electrons. If the forces are large
enough to produce a broadband acceleration, large velocity groups of plasms
electrons will absorb energy from the plasma wave leading to severe damping
effects on the electric field oscillations. This point will be more fully
discussed later.)

The transverse energy relation (11) suggested a study of solutions as
a function of fl, in the hope that the ratio wi(max)/ZfLwould increase with
decreasing f . Also, since f) does not appear explicitly in (11), vut is
implicit in ql(max), the effect of varying f|, was studied. Table 1 is a
list of results ql(max) obtained by integrating Eas. (9) from v = O to
T = 1000, for the case B = 1.75. The noteworthy features of these results
are: (1) for very large f, the value of w (mex) is obviously reduced if
f">> fl; (2) solutions for small values of ?L and f" yield more favorsable

ratios (higher W, ) sz_(max)/Zf_L.

As another example of the effect of stochastic phase shift in (9) on
the value vl(max), twenty-six successive integrations of (9) from 7t = O to

“ = 605, B = loo, Tph = 2.00 The

resulting values v at v = 100 for each computer integration are shown in

T = 100 were performed, using f =5.0, ¢

-8
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Fig. 3 as a scatter'diagram. The arithmetic average ﬁi =T.9 is shown as
the horizontal line, and the variance Aw;, = + (Z(VL - Gl)z/N)l/z is shown

as the error flag.
B. Limit Cycles

With reference to Fig. 1, it can be seen that the wvalue WL(max) reached
by an electron tends to be smaller in the case of a coherent wave (y(t) = O,
the horizontal dashed line in Fig. 1) than that reached for a random phase
shift §(r)# O. The conclusion reached by study of the bar graph 1is that the
stochastic phase shift produces forces (or impulses) capable of "kicking"
the electron across the limit cycle orbits crudely predicted by Eq. (6).
There are probabilities, of course, that the impulses produced by abrupt
phase shifts are elther decelarative or accelerative. The computer results
shown in Fig. 1 indicate, however, that there is a net preference for accelera-
tion. (Unfortunately no growth time studies were made for the computer
integrations éhown in Pig. 1 because the amount of computer time to furnish
adequate statistics would have been prohibitivec)'

It seems plausible that there exists a (non-relativistic) practical
limit to the transverse energy acquired by an electron under the conditions
described by Eqs. (9), since the cylinder function ZB(k {p)) exhibits damped
oscillations as k (p) increases. Thus it is reasonsble that an orbit (near
one of the zeros of ZB) will be reached where the stochastic pulses due to
phase shifting become too weak to energize the electron further. (Perhaps
another way to state this is that the growth rates of solutions to Eq. (7)

become vanishingly small on these mean orbits.)

Two cases were studied by computer integration in order to empirically
establish this sort of limiting behavior. In the first case, the values
£, =f, =1.0, B = 1.75, 'rph = 2.0 were used in Egs. (9). The integration
proceeded from null initial data at T = O to a final value wl(max) = 6.25
at v £ 1000. TInitial conditions lying outs%de the limi?ing orbit W= 6.25
were then selected. These conditions were E(0) = 6.5, N(0) = 1.0, E(0) =

N(0) = 0. The solution to (9) was then begun, and at early times in the
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integration (T << 1000) a few orbits corresponding to v ~ T.2 were observed,
but for most of the period O < T € 1000 the solution remained in the vicinity
£~ 6.25.

As a check, a second case in which fL =1.0, f“ =0,1, B = 1.75, Tph= 2.0
was studied. For zero initisl conditions the value ql(max) = T.5 was achieved
by integration over 0 € r £ 1000. The initial data were then changed to

g(o) 10.0, N(0) = 1.0, &(0) = N(0) = 0, and integration of (9) begun. The
solution decayed steadily into the region near v, = T.5 and remained there

for most of the integration period O < T < 1000. These two analog integra-
tions of (9) therefore'lend strbng empirical support to the existence of the

_ practical 1limit cycle for the acceleration process.

A rather graphical illustration of the existence of several limit cycles
interior to the practical 1limit cycle, and of the capabllity of the stochastic
phase function *(T) to force electrons across such limit cycles was found in
the solution to (9) for the values f, =5.0, £, =0, B =1.0. The initial
data were £(0) = 7(0) = 0, €(0) = N(0) = 0.1. In this case, the crude
analysis [Eq. (6)] yields

AW, = 2meg Bw cosy J, (&, ¢p))

which vanishes ' for k,{p) = 3.83, 7.02, 10.17, 13.32, 16.47, .... (The roots
of J1 given in italics are those for stable equilibrium.) One can show that
k,{p) = w, since

k() =k (pd/u, =k, /o, = d] (k)7 +(kly>2]1/2/a<w t) =

Two phase functions were used: %(T) = 0, and |y(T)| < m with T pn = 2°0- The
solutions E(T) and M(t) were plotted by an X-Y recorder for O € T < 1000. The
coherently phased wave_(y = 0) produced a limiting transverse velocity
Vl(max) ~ 7.2, corresponding roughly to the second zero of J,. The solution
for the case of phase deccherence (¥ # O) on the other hand produced a value
yl(max) >~ 15.5, that is somewhere between the fourth and fifth zeros of Jl.
Furthermore, dark rings indicated unusually high densities of orbits in the

vicinity of w, ~ 7, 10 and 13, i.e. near the zeros of J The nature of this

lo

-10-
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X-Y plot of w, (1) is shown in Fig. 4. The lack of a ring near w~ 3.8 is
probably due to the fact that f; = 5.0 represents a rather "large" forcing
term in the sense of Sections ITI and III. These results tend to confirm
empirically the concept that limit cycles exist, forming "magnetic traps"
analogous to the electrostatic trapping phenomenon, and that stochastic.
phase shifts aid in allowing particles to become ugtrapped from orbits of
lower transverse energy and proceed to orbits of highér'energy until some
practical limit is reached.

C. Coherent Acceleration and "Resonance"

The case of coherent acceleration was studied for two small force
amplitudes, £
B =(w - V"k“)/wc = + 1 and + 2 were found to be "resonant" in the sense
that they produced rapid growth of the perpendicular velocity w, (T) to 1ts
meximum value, while other wvalues of B did not produce rapid growth. The
solution Yl(T) = {(é)z + (ﬁ)z}l/z to Eqs. (9), as displayed on an X-Y plotter
for the case f, =%, = 0.1, B = 1.0, is shown in Fig. 5. This trajectory
has the non-uniform spiral-like feature discussed in Section III. Each

= f, = 0.1 and 0.05. The normalized frequencies

successive loop of the spiral developed over approximately one cyclotron
period, that is in At ='2n/wc. The trajectory of w, (7) for the other cases
of interest, namely f;, = f,, = 0.1, |B| =2.0and f, = f =0.05, |B| = 1.0,

2.0 are similar in appearance.

From X-Y plots such as Fig. 5, growth curves of VL(T) VS T were com-
puted, and are shown in Figs. 6 and 7. The growth properties were found to
be very sensitive to the choice of initial conditions. As an example,
immediate growth was obtained only for initial velocity conditions u, (0)
nearly tangent to the spiral-like trajectory (Fig. 5). Initial conditions
violating the near-tangency conditions produced initially decaying solutions
31(7) which remained near Wl(T) = 0 for periods long compared to the growth
times shown in Figs. 6 and 7. Furthermore, it was determined that even for
near-tangent yi(o), initial values w (0) < 0.k lead to very slowly growing
solutions which took (typically) some hundreds of cyclotron periods to

11~
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attain values w, > 0.6. Because of these severe restrictions on initial
conditions to obtain rapid growth, it appears to be an empirically estsb-
lished result that only a small and select group of an initial velocity
c}istribution f(x_‘_) can be "resonantly" accelerated in a given cell of
length L-“ = Vn té.cc' In this sense it seems plausible that only small
wave damping may result from the production of energetic electrons by this
process. '

The growth curves for 8 = 0.9, 1.1, 1.9, 2.0, 2.1 and 3.0 are shown
in Figs. 6 and T to illustrate the sharpness of the resonance. Since the
éomputer solutions were allowed to develop only up to T = 50, the maxima
_in these cases were not achieved. However, it appears that such a maximum

would hb.ve occurred only after some hundreds of cyclotron periods.

In Table IT we list the maximum transverse energy W, (max) and the
acceleration time tacc in units of the peak wave potential e¢° and cyclotron
period T, = Zﬂ/wc respectively, for the casesl;l: 0.1/2 , 0.05 /2 and
B=+1, +2. These values can be computed by inspection of the growth
curves in Figs. 6 and 7 and the use of Eq. (11).

V. NUMERICAI, EXAMPLES

To 1llustrate the application of the theoretical results just obtained,

they will be used to estimate the accelerations of electrons under conditions
of beam-plasma interaction similar to those investigated numerically by Stixl.
For example, consider with Stix a Vb = 5 kV beam interacting with a plasma of

temperature kT, ~ 2 eV, immersed in a magnetic field Bo ~ 2000G. Then

w, = 3.5 x :LOlo sec"l. The only difference from the parameters employed by

~ Stix is that he uses k /k; ~ 0.76 while k, /k; = 1.0 is used here.

If one follows the argument presented by S‘l:fl.xl concerning the limiting
amplitude e¢° ~ 0.35 eVb = 1770 eV, then the wave numbers for the cases
2n

Ay

I

k, = (fmei/e¢)l/2 = 6.18cm™", A~ 0.99 cm for £, = 0.1
= lL.38cm'l, A~ 0.70 cm for £ = 0.05

-12 -
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The wavelengths are on the order of those used by Stix. By use of Table 2 one
computes the final energics for f, = 0.05, B = +1, * 2

4
W, (max) = 230 keV, B = +2
- -9

toce ™ h3/wc = 1.23 x 1077 sec

W (max) = 170 keV, B =+ 1
while for fJ. = 0.1,

W (max) = 115 keV, B = + 2 9

oo =-zu/wc = 0.685 x 1077 sec
Wi(mx) = 85 keV, B =+ 1 '

The resonance conditions 8 = + 1, + 2 can be used to estimate the velocity
groups of electrons subject to this acceleration. Since the coherent accelera-
tions computed in Section IV. C. require that the acceleration occur within one
drift time across a coherence length L, = 0.637 KN(= 0.637 )\_L), then the reson-
ance conditions give

_ wiBwe
Vo= k

il
and
LH R VH ta.cc

Since the condition for the plasma overstability according to Stixl

requires w == 1.063 w, then 1t is easy to show that only the condition
B =+1, fJ. = 0,1 and 0.05 will yleld velocities V,, which satisfy the con-

U
dition L” =2 V”tacc . The other conditions B = -1 and B = + 2 yleld velocities

V” such that L“ <V tacc' One obtains
v N 3.57 x 108cm/sec, B =1, fL = 0.1
\ 5.03 x 10°cm/sec, B = 1, £, = 0.05
0.439 cm, B = 1, f, =0.1 (L|‘= 0.631 cm)
vV t
 "ace 0.345 cm, B =1, £, = 0.05 (L, = 0.4k6 cm)

-13-
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The conditions f;, = 0.1, 0.05 and B = + 1 therefore can produce 170 keV
and 85 keV electrons by acting on groups of electrons in the 2 eV plasma with
nerrow Velocity bands centered about Vv, = 3.5T x 108 cm/sec and 5.03 x 108
em/sec. To determine how many electrons are subject to this acceleration,
consider a 2 eV maxwellian distribution. The mean thermal speed a = (2.‘1;.'I'e/m)1/2

=8k x lO cm/sec. Hence one has for the value of the Gaussian either

_Vz/az
L =~ e'18 =1.54 x 10‘8, P =1, £, =0.1, w_L(mx) = 85 keV
or
Vi /a _36 .16
e >~ e =2.3Tx10, 8 =1, f =0.05 w_L(max) = 170 keV

and it can be seen that very few electrons will experlence the resonant

acceleration.

VI. SUMMARY DISCUSSION

A basic assumption made by Stixl that beam-plasma interactions in a

magnetic field can produce large amplitude plasma oscillations with electric
fields which are capable of producing very energetic electrons has been
explored by integrating the equations of motion of an electron in such fields
on an analog computer. Some crude results of analysis of the nonlinear equa-
tions of motion have been compared to the computer results, and qualitative

agreement obtained.

.The occurrence of limit cycle phenomena in the transverse acceleration
has been discussed on the basis of a time average treatment of the equations
of motion, and apparently verified empirically by the analog computer solu-
tions. The role of Stix'sl phase coherence correlation length in untrapping
electrons from limit cycle orbits has been investigated by computer solutions
using random phase functions in the argument of the periodic electrostatic
wave.

It has been found that when the dimensionless force parameter

f = k2e¢o/mu§ is large enough, the transverse energy achieved is limited to

“1h-
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small multiples of e¢o » and the acceleration is broadbanded in the Doppler-
shifted frequency w - k“V". However, as f becomes small the acceleration
becomes "resonant", the conditions being w - k V= Bw,, B =1,2. The
maximum transverse energy at resonance can then be one to two orders of

magnitude greater than e¢o .

The numerical example of a 5 -kV beam interacting with a 2eV plasma
in a 2000 G field, trea.ted by S'Eixl 6h the basis of his quas‘i-stochastic
acceleration mecha.nism, has been investigated on the basis of the' analog
computer results of the present paper. It is found that under conditions
compatible with the numerical values used by Stix, 85 to 170 keV electrons
can be produced in times on the order of 0.7 to 1.2 nanoseconds by & coherent
wave acceleration which occurs in one correlation length L“ as defined by
Stix. The fractional nunber density of electrons subjected to such accelera-
tion 1s estimated to be small compared to the total number density, so that
cyclotron damping effects should be negligible. '
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TABLE I. Maximum Transverse Velocities for Stochastic Acceleration.

B =1.75, £(0) = T(0) = 1, £(0) = }(0) =0, Ty = 2:0, 0% w,t < 1000

£ 100 |10 1 1 0.8 0.6 o.4| o0.2| 0.1 1.0
£, 100 |10 |10 0.1 |o0.8] 0.6] 0.4] o0.2] 0.1} 0
w, (max) 37.0 |12.5 | 5.5 7.5 4,31 3.8] 3.0 40| 3.2] 9.0
w2 (max)/f| 6.85| 7.80[15.13 |28.13 {14.5 [20.028.1 [200 |51.2 [b0.5

~16-




TABLE II. Transverse Energies and Acceleration Times for Coherent Acceleration.

: Appendix B

T8 1 1 2 2
f.L " 0,05 0.10 0.05 0.10
-, (max) v96 eg, 48 ed, 130 ed, 65 ed,
toee )+3/wc zh/wc l+3/wc 21+/mc

-17-
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fl=f”.—. 1,0,5= 1.75

Figure 1. Bar graph showing the limiting amplitudes of v reached in the
time interval O <€ v € 1000 as a function of the period Tph of
the stochastic phase function v(f). The bar at Tph = 0 13 the
limiting amplitude reached when y(v) was generated by a broad
band gaussian noise source. The horizontal dashed line is the

amplitude reached in the non-stochastic case §(v) = O.

18-
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w) (MAX)
P

B

Figure 2. Bar graph showing the limiting amplitudes of v, reached in the
time interval O € v < 1000 as a function of the dimensionless
frequency parameter B for a fixed period 'l‘p

h = 2 of the stoch-
astic phase function ¥(1).
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f1= 5.0, f"=605
B=1.0,7,=2.0
0<T<100

AN RN N NN U NN SN NN NN NN N

Figere 3.

]
2 4 6 8 10 12 14 16 18 20 22 24 26 28 X
N

Scatter diagram of the wmaximum value of v, reached in the time
]kl‘lﬂl 0 € v < 100 for tm case fl = 5.0. f“ = 605. e = 1.0 ‘M

Ty = 2:0- The arithmetic mean ¥, 1s the s0l1d horizontal line,

and the variance Av, = % {r. ('1 - :D‘/u}l/z. Jd =1,2..M. s
shown as an error flag. N = 26 * integrations vere performed.
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é'(r)

Figure 4. Trajectory of WL(T) in the case f, = 5.0, f;, = 0.0, B = 1.0,

Note the higher density of trajectories near the values

w, =T, 10, 13. The zeros of Jl(wl) are w; = 3.83, 7.02, 10.17,
13.32, 16.47.... The integration period was O € T < 1000 using
a period Tph = 2.0 for the random phase function §(t). The
limiting value for the cohcrent wave ¥y(v) = O was w, = T.2.
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| i L [ B }
-4 -3 -2 -1 0 ] 2 3 4
¢
A typical trajectory of wj(r) for an electron accelerated under

Figure 5.

the condition fl =f =0.1, B = 1.0. The magnetic field 1is
normal to the plane of the figure. Note the non-uniform spiral,
each circuit of which corresponds to nearly At = Zn/wc. All

"small" force cases (see Section IT of text) exhibit such spiral-
like trajectories.
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0 ] L1 | 1 ] ] i I L 1
0 2 4 6 8 10 12 14 16 18 20 22 24 26
1.'=wa
Figure 6. Nonlinear growth curves of normalized transverse velocity

w, (1) under the conditions f, = £, = 0.1, |B| = 0.9, 1.0, 1.1,
1.9, 2.0, 2.1 and 3.0. The cases B = + 1.0, + 2.0 "resonate”.
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0 1 1 | i L ] 1 ] |
0 10 15 20 25 30 35 40 45 50 55
T=wt
C
Figure 7. Nonlinear growth curves of normalized transverse velocity

w_L(‘r) for the same values of |B| as those in Fig. 6. Here
fy = £, =0.05. Again, the cases B = + 1.0, + 2.0 "resonate".
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